The problem of covering a set of points by a minimum number of lines is one of the oldest problems in computational geometry.
Points and Lines
The problem of covering a set of points by a minimum number of lines is one of the oldest problems in computational geometry.
• Megiddo and Tamir (1982) proved that the line cover problem is NP-hard even in R 2 .
Axis-parallel Lines
For the rectilinear version of the problem in which the lines must be axis-parallel,
• Hassin and Megiddo (1991) observed that the problem in R 2 reduces to vertex cover in bipartite graphs and hence is solvable in polynomial time, and proved that the problem in R 3 in NP-hard by a reduction from 3-SAT, • Grantson and Levcopoulos (2006) and Wang, Li, and Chen (2010) improved the running times.
Polygonal Chain with Minimum Turns
Instead of using lines, we can cover the points using a polygonal chain of line segments, with the goal of minimizing the number of links or turns in the chain.
Given a set of n points in R d , a chain of line segments that covers all n points is called a covering tour if the chain is closed, and is called a spanning path if the chain is open.
A covering tour (or a spanning path) is rectilinear if all segments in the tour (or the path) are axis-parallel.
Four Optimization Problems
• Minimum-Link Covering Tour 
Previous Results
These problems have been extensively studied in terms of both computational complexity and combinatorial bounds: Kranakis et al. (1994) , Collins and Moret (1998) , Stein and Wagner (2001) , Arkin et al. (2003) , Collins (2004) , Wagner (2006) , Bereg et al. (2009) 
See also Fekete and Woeginger (1997) , Aggarwal et al. (1999) , Arkin et al. (2005) for results on related problems.
On the Positive Side
• Stein and Wagner (2001) presented an O(log n) approximation for Minimum-Link Covering Tour in R 2 (using the approximation for set cover).
For the rectilinear versions of the problems, On the Negative Side Kranakis et al. (1994) noted that Minimum-Link Spanning Path in R 2 is NP-hard (they credited Clote for this result).
• Arkin et al. (2003) proved that Minimum-Link Covering Tour in R 2 is NP-hard by a reduction from the line cover problem, which was proved to be NP-hard by Megiddo and Tamir (1982) .
In contrast to the NP-hardness of (non-rectilinear) MinimumLink Covering Tour and Minimum-Link Spanning Path in R 2 . . .
The Open Question
The complexities of Minimum-Link Rectilinear Covering Tour and Minimum-Link Rectilinear Spanning Path in R d for any fixed d ≥ 2 remain unknown, even for the simplest case that all points are in the plane and no two points share the same x or y coordinate.
Best Possible Approximations?
Interestingly, for this simplest case, -Castro et al. (2010) reported NP-hardness proofs for Minimum-Link Rectilinear Covering Tour and for MinimumLink Rectilinear Spanning Path in R 3 , and presented several FPT algorithms for k-Link Rectilinear Covering Tour and its variants in R 2 .
Some Recent Results

Estivill
Their NP-hardness proofs are reminiscent of the NP-hardness proof of Hassin and Megiddo (1991) for the related problem of rectilinear line cover in R 3 .
Their FPT algorithms are based on standard kernelization and bounded search tree techniques as in the previous work of Langerman and Morin (2005) on covering points by lines and hyperplanes.
Our Findings
• We point out mistakes in their FPT algorithms.
• We show that their NP-hardness proofs for MinimumLink Rectilinear Covering Tour and Minimum-Link Rectilinear Spanning Path in R 3 are incorrect.
• We present new NP-hardness proofs for Minimum-Link Rectilinear Covering Tour and Minimum-Link Rectilinear Spanning Path in R 10 .
Mistakes in FPT Algorithms (i)
We first point out a mistake in the FPT algorithm for the problem k-Link Covering Tour.
This algorithm uses a kernelization procedure to find a set L k+1 of at most k lines, where each line covers at least k + 1 points, then obtains a reduced instance of at most 2k + k 2 points, including the two extreme points of each line in L k+1 , and the at most k 2 points not covered by any line in L k+1 . The algorithm then finds the set R of all lines through at least two points in the reduced instance, and enumerates tours based on the lines in R.
The choice of the set R depends on a lemma which states that "If a tour T has the minimum number of turns, then every line segment in T covers at least two points."
The mistake in this algorithm is that it neglected the possibility that a segment in T may cover at least two points but either none or only one of these points is included in the reduced instance.
In particular, a point may not be included in the reduced instance if it is on a line in L k+1 but is not one of the two extreme points.
Consequently, the line supporting this segment may not be included in R and hence may not be used in enumerating tours.
Mistakes in FPT Algorithms (ii)
We next point out a mistake in the FPT algorithm for the problem k-Link Covering Tour with the constraint that "one line-segment covers all points on the same line". This algorithm depends on the same lemma that "if a tour T has the minimum number of turns, then every line segment in T covers at least two points", which was proved by a translation/rotation argument.
While the argument is valid for the problem without constraint, it does not hold for the problem with constraint. It is clear that no tour can cover these 11 points with less than 4 turns.
On the other hand, these 11 points can be covered by a tour with 4 turns at (3, 0), (−5, 0), (0, 5), and (0, −1), where each segment in the tour covers all points on the line supporting the segment. Observe that each of the three lines y = 0, x = 0, and y − x = 5 covers four points.
We claim that the tour must include one segment from each of these three lines. Suppose the contrary that one of these three lines does not host a segment, then each of the four points on this line must be covered by a distinct segment in the tour.
It is easy to verify (by a case analysis) that the four segments through the four points cannot cover the other seven points.
x y Now, the segment on the horizontal line y = 0 must contain the four points (−5, 0), (1, 0), (2, 0), and (3, 0) because of the constraint, so it cannot be consecutive with the segment on the vertical line x = 0. Thus we can assume, up to symmetry, that the segment on y = 0 is followed by the segment on y − x = 5, which is then followed by the segment on x = 0. Now consider the fourth segment that closes the tour. This segment cannot be the segment between the two points (0, 1) and (3, 0) because then it would miss the point (−3, 2) which is on the same line. Similarly, it cannot be on the horizontal line y = 0. Indeed this fourth segment can contain at most one point, either (0, 1) or (3, 0).
After reducing the point set to a kernel of size at most k 2 , the algorithm for the problem with constraint simply enumerates tours based on the lines through at least two points in the kernel as justified by this lemma.
The point set in our counterexample is already a kernel by their criteria because no line can covered more than k = 4 points. Since the lemma is no longer valid for the problem with constraint, the algorithm fails to find a solution to our counterexample.
(Another mistake in this algorithm is that the enumeration of tours in the kernel is done with no regard to the points outside the kernel. Consequently, there may be segments through at least two points in the kernel that miss points on the same line but outside the kernel. This may lead to invalid tours that violate the constraint.)
Mistakes in FPT Algorithms (iii)
There is a similar mistake in the FPT algorithm for the problem k-Link Rectilinear Covering Tour with the constraint that "one line-segment covers all points on the same line". This algorithm only considers "tours where every line-segment covers at least one point."
To justify this, they argued that "If a line-segment in the tour covers no points, it can be translated in parallel until it is placed over one point."
Again, this argument is valid for the problem without constraint but does not hold for the problem with constraint.
x y
The point set consists of 16 points: (i , j) for 0 ≤ i ≤ 3 and 0 ≤ j ≤ 3. The number of turns is 8.
Observe that any rectilinear tour that covers the 16 points under the constraint must contain either four horizontal segments on the four lines y = j, 0 ≤ j ≤ 3, or four vertical segments on the four lines
Assume the former without loss of generality.
x y Then to connect the four horizontal segments into a rectilinear tour with 8 turns, we need two vertical segments with x-coordinates less than 0 and two vertical segments with xcoordinates more than 3.
To translate these four vertical segments until they cover points would violate the constraint.
The algorithm for the rectilinear problem with constraint always outputs a tour in which every segment covers at least one point.
Consequently, the algorithm either fails to find a solution, or finds an invalid solution, to our counterexample.
Mistakes in NP-hardness Proofs
We show that the previous NP-hardness proofs for MinimumLink Rectilinear Covering Tour and Minimum-Link Rectilinear Spanning Path in R 3 are incorrect.
We briefly review the NP-hardness proof for Minimum-Link Rectilinear Covering Tour in R 3 , which is based on a reduction from the NP-hard problem One-In-Three 3-SAT.
Given a 3-SAT formula with n ′ variables and m clauses, the construction includes one variable gadget for each variable, and one clause gadget for each clause.
The building block of the construction, consists of 22 linesegments arranged in two groups, with 11 segments in each group following a similar pattern, where each segment is represented by a large number of points on it.
They claimed that each building block, when considered alone, admits only two minimum rectilinear tours with 34 turns. These two tours can be represented schematically as Each variable gadget consists of m building blocks. They claimed that each variable gadget, when considered alone, admits only two minimum rectilinear tours with 34m turns
where each pair • i and • i of the same index i represent two "adjacent" segments parallel to the z-axis that are connected by one link parallel to either the x-axis or the y -axis.
The building blocks of each variable gadget are arranged in the space to pass through the clause gadgets of all clauses that contain the variable.
They observed that to connect the separate minimum tours for the variable gadgets into a single complete tour, it takes only two additional turns to merge any two tours into one. Their example corresponds to the following transformation:
where the two links 1 and 2 are replaced by two 2-segment chains 1 ′ and 2 ′ .
From this observation, they concluded that the 3-SAT formula has a satisfying one-in-three assignment if and only if the point set thus constructed admits a rectilinear tour with 34mn ′ + 2(n ′ − 1) turns.
We note that the if direction of this lemma does not hold. Specifically, its proof overlooked the fact that there could be many different ways to merge the separate tours, which may disrupt the repeated pattern in each variable gadget.
For example, when n ′ = 3 and m = 2, we can merge the n ′ = 3 separate tours into a complete tour with 2(n ′ − 1) = 4 additional turns as follows
where the four links 1, 3, 4, and 5 are replaced by four 2-segment chains 1 ′ , 3 ′ , 4 ′ , and 5 ′ , and the pattern in the second variable gadget is disrupted. Because of the disrupted patterns, it is possible that the point set admits a tour with 34mn ′ + 2(n ′ − 1) turns but the 3-SAT formula does not have a satisfying one-in-three assignment.
For a complete counterexample, consider the following 3-SAT formula with n ′ = 4 variables and m = 4 clauses:
A satisfying one-in-three assignment for this formula must have exactly 4 true literals, one in each clause. But the number of true literals of any assignment is a multiple of 3, since each variable has exactly three positive literals. Thus this formula does not have any satisfying one-in-three assignment.
If the boolean assignment is allowed to be inconsistent, for example, u 1 is true, u 3 and u 4 are false, but u 2 is false in the first two clauses and is true in the fourth clause, then the formula would have exactly one true literal in each clause.
This inconsistent assignment corresponds to the above complete tour with a disrupted pattern in the second variable gadget (for simplicity, only indices of modified links are shown).
′ consists of two segments, one parallel to the x-axis and one parallel to the y -axis; e ′ consists of three segments, with an additional middle segment parallel to the z-axis. These five chains together incur 1 + 1 + 1 + 1 + 2 = 6 = 2(n ′ − 1) more turns in addition to the 34mn ′ turns of the separate tours of the variable gadgets.
In our counterexample, the separate tours for the variable gadgets are cut open between building blocks. We did this for a clean presentation. Indeed these separate tours could be cut open at other places too, in particular, between any two parallel segments within a building block, such as segments 1 and 2, 2 and 3, 4 and 9, etc. A divided building block does not function as an atomic unit, and hence loses its boolean property to encode true or false. This would yield other, more complicated, counterexamples.
We have shown that the NP-hardness proof for MinimumLink Rectilinear Covering Tour in R 3 does not hold.
For the same reason, the NP-hardness proof for MinimumLink Rectilinear Spanning Path in R 3 does not hold either.
New NP-hardness Proofs Theorem 1. Minimum-Link Rectilinear Covering Tour and Minimum-Link Rectilinear Spanning Path in R 10 are both NPhard.
We first prove the NP-hardness of Minimum-Link Rectilinear Covering Tour in R 10 by a reduction from the NP-hard problem Hamiltonian Circuit in grid graphs (Itai, Papadimitriou, and Szwarcfiter 1982) .
A grid graph is a finite, vertex-induced, subgraph of the infinite graph with the points of integer coordinates in the plane as vertices, and with an edge between two vertices if and only the corresponding points have Euclidean distance exactly 1.
For any two points p k and p l , we denote p k ≺ xy p l if either x k < x l or x k = x l and y k < y l , and denote p k ≺ xȳ p l if either x k < x l or x k = x l and y k > y l .
For each point p i , we denote by rank xy (p i ) and rank xȳ (p i ) the ranks of p i in P ordered by ≺ xy and ≺ xȳ , respectively. The Construction
Let G be a grid graph specified by a set P of n grid points p i = (x i , y i ) ∈ Z 2 , 1 ≤ i ≤ n, and let E be the set of m edges e j , 1 ≤ j ≤ m.
We will construct a corresponding set Q of n grid points
10 , 1 ≤ i ≤ n, such that G has a Hamiltonian circuit if and only if Q has a rectilinear tour of 8n turns.
For each point q i , 1 ≤ i ≤ n, we set the four coordinates r i , s i , t i , u i to rank xy (p i ) and set the two coordinates v i , w i to rank xȳ (p i ), then initialize the four coordinates a i , b i , c i , d i to the index i .
Next, for each point p i , and for each edge e j that connects q i to another point q k , we update the four coordinates a i , b i , c i , d i of q i according to the following cases: The Proof
The following property of the construction can be easily verified by a case analysis: Lemma 1. For any two points q i and q j in Q, if the corresponding points p i and p j are adjacent in G, then q i and q j share one coordinate along one of the first 4 axes and have distinct coordinates along the other 9 axes, otherwise they have distinct coordinates along all 10 axes.
Our reduction is clearly polynomial. To complete the proof of the NP-hardness of Minimum-Link Rectilinear Covering Tour in R 10 , it remains to prove the following lemma:
Lemma 2. G has a Hamiltonian circuit if and only if Q has a rectilinear tour of 8n turns. We first prove the direct implication. Suppose that G has a Hamiltonian circuit H. We will construct a rectilinear tour of 8n turns for Q.
For each point p i in P , select a line L i through the corresponding point q i in Q and parallel to one of the six axes r, s, t, u, v , w according to the following six cases about the two points p k and p l immediately before and after p i in H:
2. x k = x i = x l (then y k < y i < y l or y l < y i < y k ): r for odd y i , s for even y i .
3. x i = min{x k , x l } and y i = max{y k , y l }: t
4. x i = max{x k , x l } and y i = min{y k , y l }: u
5. x i = min{x k , x l } and y i = min{y k , y l }: v
6. x i = max{x k , x l } and y i = max{y k , y l }: w Let S i ⊂ L i be the rectilinear segment containing all points with coordinate between the coordinates of q k and q l (along the axis parallel to L i ).
Recall that r i = s i = t i = u i = rank xy (p i ) and v i = w i = rank xȳ (p i ). By our axis assignment, S i must contain q i in the interior. Observe that in any Hamiltonian circuit of G,
• a turn of type 3, 4, 5, or 6 cannot be consecutive with another turn of the same type, • a turn of type 1 or 2 is consecutive with another turn of the same type only if the middle vertices of the two turns are adjacent and hence have different parities, • a turn of type 1 cannot be consecutive with a turn of type 2.
Thus by our choice of axis assignment, S i is parallel to neither S k nor S l .
To connect the n segments S i , 1 ≤ i ≤ n, into a rectilinear tour, we add 7n segments.
Specifically, for each point p i and its immediate successor p l in the Hamiltonian circuit H, we add 7 more segments between the two segments S i and S l .
Note that p i and p l are adjacent in G. So it follows by Lemma 1 that q i and q l share exactly one coordinate along one of the first four axes.
Recall that the two segments S i and S l , which contain the two points q i and q l respectively, are not parallel to each other, but each of them is parallel to one of the last six axes.
To connect the two segments S i and S l , we use one segment parallel to each axis except these three axes.
For example, suppose that q i and q l share the same coordinate a i = a l =â along the a-axis, and that S i and S l are parallel to the r -axis and the w -axis, respectively. Then S i and S l can be connected by 7 segments with 8 turns:
Altogether, exactly 8n turns in the rectilinear tour for Q.
We next prove the reverse implication. Suppose that Q has a rectilinear tour R of 8n turns. We will find a Hamiltonian circuit in G.
Consider any two points q i and q j in Q that are consecutively covered by R. By Lemma 1, the two points have distinct coordinates along at least 9 of the 10 axes.
As a point moves in a rectilinear segment, only one of its coordinates changes. Therefore, besides the 2 segments S i and S j that contain q i and q j respectively, the chain of segments connecting q i and q j must include at least 7 other segments, and hence at least 8 turns.
Since R has exactly 8n turns, it follows that each point in Q must be covered exactly once, and there must be exactly 8 turns between any two points that are covered consecutively.
Any two consecutively covered points q i and q j in Q with 8 turns in between must have distinct coordinates along at most 9 axes. By our construction, they must correspond to two adjacent points p i and p j in P .
Thus the rectilinear tour R for Q corresponds to a Hamiltonian circuit in the grid graph G specified by P . This completes the proof.
Tour Done, Now Path. . . Hamiltonian Path in grid graphs is indeed NP-hard too (Itai, Papadimitriou, and Szwarcfiter 1982) . However, an instance of Hamiltonian Path in grid graphs consists of not only a grid graph G specified by a set P of n grid points as in Hamiltonian Circuit in grid graphs, but also two special points p i and p j in P marked as the starting and ending vertices.
Construct the point set Q corresponding to the point set P as before, then specify the two points q i and q j in Q as the first and last points to be covered by a rectilinear path.
Lemma 3. G has a Hamiltonian path from p i to p j if and only if Q has a rectilinear spanning path of 8(n − 1) turns from q i to q j .
The proof is almost identical to that of Lemma 2 except that the spanning path from q i to q j need not be closed into a tour-this saves 7 segments and hence 8 turns.
Also note the technicality that there is no point before the first point or after the last point in the Hamiltonian path. Without loss of generality, we categorize such degenerate cases into either case 1 or case 2 of the six cases.
No Starting, No Ending
We have proved the NP-hardness of Minimum-Link Rectilinear Spanning Path with specified starting and ending points in R 10 .
How about Minimum-Link Rectilinear Spanning Path without specified starting and ending points?
Turing Reduction
Given an instance (P, p i , p j ) of Hamiltonian Path in grid graphs,
• first construct a corresponding instance (Q, q i , q j ) of Minimum-Link Rectilinear Spanning Path (with specified starting and ending points) in R 10 ,
• then augment the point set Q to 400 instances (without specified starting and ending points) by enumerating all possible combinations of directions to extend the two end segments of a spanning path of Q from q i to q j .
(Since there are 10 axes and each axis has both a positive direction and a negative direction, there are (10 · 2) 2 = 400 combinations of directions.)
For each combination of directions, we augment the point set Q to Q ′ by adding two dummy points q ′ i and q ′ j : • q ′ i is farther than q i in the direction that extends the end segment at q i ;
• q ′ j is farther than q j in the direction that extends the end segment at q j .
Moreover,
• q ′ i (respectively, q ′ j ) has the same coordinate as q i (respectively, q j ) along one of the last 6 axes and has a distinct coordinate different from all others along each of the other 9 axes.
(Recall that all points in Q have distinct coordinates along each of the last 6 axes.) Lemma 4. G has a Hamiltonian path from p i to p j if and only if at least one of the 400 instances of Q ′ has a rectilinear spanning path of 8(n + 1) turns.
For the direct implication, suppose that G has a Hamiltonian path from p i to p j . Then, by Lemma 3, Q has a rectilinear spanning path of 8(n − 1) turns from q i to q j .
At least one of the 400 instances of Q ′ correctly guesses the directions to extend the two end segments of Q, and hence needs only 8 turns to connect q For the reverse implication, the crucial observation is that the two dummy points q ′ i and q ′ j only share coordinates with the two end points q i and q j , respectively.
Thus under the constraint of at most 8 turns between any two consecutively covered points in a spanning path, we must have q Then the same argument as in the proof of Lemma 2 completes the proof.
Concluding Remarks
While we have pointed out mistakes in several previous algorithms for k-Link Rectilinear Covering Tour and its variants in R 2 , we still believe that these problems are most likely in FPT-we wait for the authors to fix their algorithms.
As to the NP-hardness of Minimum-Link Rectilinear Covering Tour and Minimum-Link Rectilinear Spanning Path in R 3 , the situation is less clear. It may be possible to adapt our grid graph technique to prove the NP-hardness of the two problems in R d for d slightly less than 10, but to get to R 3 or even R 2 seems to require new ideas.
